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Abstract
We prove that if F is a closed essential surface embedded in the complement of a knot K of braid
index four, then at least one of the following holds: (1) F is meridionally compressible, (2) K is
isotopic to a simple closed curve on F , (3) there is an essential annulus properly embedded in the
closure of the component of S3 −N(F) which does not contain K . We obtain a corollary that there
are no closed embedded totally geodesic surfaces in the complements of hyperbolic knots of braid
index four.  2001 Elsevier Science B.V. All rights reserved.
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1. Introduction
The presence of a closed embedded incompressible surface in a 3-manifold is very
helpful in the analysis of the structure of that 3-manifold. In a hyperbolic 3-manifold,
an incompressible surface has geometric properties induced from that 3-manifold. For
example, let M be a compact orientable 3-manifold with hyperbolic interior, and let
F be a closed embedded incompressible surface which is not boundary parallel in M .
Then F is totally geodesic (or Fuchsian) if the limit set for the representation of the
fundamental group of F into PSL(2,C) which is induced by the hyperbolic structure on
M is a geometric circle on the boundary of H3. Concerning hyperbolic manifolds of knot
complements in S3, W. Menasco and A. Reid raised the following conjecture in [19].
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Conjecture 1.1 [19, Conjecture 1], [16, Problem 1.76]. A hyperbolic knot does not have
a closed totally geodesic surface embedded in its complement.
It should be noted that there are hyperbolic links in S3 such that their complements
contain closed embedded totally geodesic surfaces [19], and there are hyperbolic knots in
a closed 3-manifold other than S3 such that their complements contain closed embedded
totally geodesic surfaces [20]. There are some known classes of knots in S3 which satisfy
Conjecture 1.1. Alternating knots [18], almost alternating knots [2], toroidally alternating
knots [1], Montesinos knots [21], knots of braid index three [17,13], 3-bridge knots and
double torus knots [14] satisfy Conjecture 1.1. In this paper, we obtain a new class of knots
which satisfy Conjecture 1.1.
Theorem 1.2. Hyperbolic knots of braid index four satisfy Conjecture 1.1.
2. Preliminary remarks
Let K be a knot in S3, and N(K) a regular neighborhood of K . A closed surface F
embedded in S3 − K is essential if F is incompressible and is not boundary parallel in
c	(S3 −N(K)). A closed surface F embedded in S3 −K is meridionally compressible if
there is an embedded disc D such thatD∩F = ∂D, and K intersects D transversely in one
point, F is meridionally incompressible otherwise. Let F be a closed surface embedded in
S3 −K , and M1, M2 be the closures of the components of S3 −N(F), where M1 contains
K . An annulus P properly embedded in a compact orientable 3-manifold M is essential
if P is incompressible in M and is not boundary parallel into ∂M . A closed surface F
embedded in S3 −K is annular if c	(M1 −N(K)) or M2 contains a properly embedded
essential annulus. Note that a meridionally compressible surface is annular. The following
lemma which is Lemma 2.1 in [14] gives us a necessary condition for a closed essential
surface embedded in S3−K to be totally geodesic. This condition is far from sufficient [3].
Lemma 2.1. Let K be a hyperbolic knot in S3 and F an essential surface embedded in
S3 −K . If F is totally geodesic, then F is not annular.
We prove the following theorem in this paper.
Theorem 2.2. Let K be a knot represented as a closed 4-braid, and F a connected closed
essential surface embedded in S3 −K . Then at least one of the following holds:
(i) The surface F is meridionally compressible.
(ii) The knot K is isotopic to a simple closed curve on F .
(iii) The component M2 contains a properly embedded essential annulus.
This is an extension of Theorem 2.2 in [13] into the case of closed 4-braid knots.
Theorem 2.2 together with Lemma 2.1 shows Theorem 1.2.
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3. Basic lemmas
In this paper, an understanding of the survey paper [5] is assumed, and we use the same
machinery and terminologies as in [5,13]. We note that the machinery summarized in [5]
was first introduced by Bennequin [4], and was developed independently by Birman and
Menasco in their series of papers [6–12].
A knot type K has a closed n-braid representative K if there is an unknot A in S3 −K ,
and a choice of fibration H = {Hθ ; θ ∈ [0,2π]} of S3 − A by meridian discs such that
K intersects each fiber Hθ transversely in exactly n points. Let F be an essential surface
embedded in S3 −K . By the definition of a meridionally compressible surface, we have
the following lemma.
Lemma 3.1. Suppose there is a c-circle 	 which bounds a disc d	 in Hθ for some
θ ∈ [0,2π], and K intersects d	 in exactly one point. Then F is meridionally compressible.
Let Vθ (θ ∈ [0,2π]) denote the intersection of Hθ with F . Each component of the
complements of Vθ in Hθ is called a domain. Let V ′θ be a connected component of Vθ .
A domain is adjacent to V ′θ if the boundary of the domain contains a part of V ′θ . Two b-
arcs of Vθ are parallel if they cobound a domain in Hθ together with two subarcs of ∂Hθ .
Two c-circles of Vθ are parallel if they cobound an annular domain in Hθ .
Lemma 3.2. Let 	1, 	2 be parallel c-circles in the configuration of a non-singular fiber
Hθ . If the annular domain Q in Hθ cobounded by 	1 and 	2 is contained in M2, then Q is
an incompressible annulus in M2.
Proof. Suppose Q is compressible in M2. Let ∆ be a compressing disc for Q. Slide ∂∆
slightly onQ, and we have a disc∆′ in M2 with ∂∆′ = 	1. This disc∆′ violates Lemma 1.4
in [13]. ✷
4. Proof of Theorem 2.2, I
In this section, we deal with the case where the axis A does not intersect the surface F .
Therefore there is no b-arc. Recall that K is a knot represented as a closed 4-braid and F
is a connected closed essential surface embedded in S3 −K . Assume in this section that
F is meridionally incompressible and there is no essential annulus properly embedded in
M2. We show that K is isotopic to a simple closed curve on F .
Lemma 4.1. Suppose there are parallel c-circles 	1 and 	2 in the configuration of a non-
singular fiber Hθ . Let Q be the annulus cobounded by 	1 and 	2 in Hθ . Suppose also that
Q is contained in M2. Then Q is not boundary parallel into F .
Proof. Suppose Q is boundary parallel into F . Let Q′ denote the annulus in F to which
Q is boundary parallel. If there is no singularity in the foliation of Q′ which is induced
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from that of F , then a spanning arc of Q connects one side and the other side of F . This
contradicts the fact that F is separating in S3. So we may assume that there are singularities
in the foliation of Q′. Since there is no b-arc, there is a cc-region in Q′. At least one of the
three boundary circles of the cc-region bounds a disc in Q′, because the cc-region which
is a twice-punctured disc is embedded in the annulusQ′. Let c denote the boundary circle,
and D′c denote the disc bounded by c in Q′. The disc D′c is contained in S3 − K . This
violates Lemma 1.4 in [13]. ✷
By Lemmas 3.2 and 4.1, we may assume that in a non-singular fiber there is no annular
domain which is contained in M2. Therefore a non-singular fiber Hθ has one of the four
configurations as illustrated in Fig. 1. The mark “x” indicates the point where K intersects
the fiberHθ . A configuration of a non-singular fiber includes the configurations of c-circles
and the intersections of K with the fiber.
First we deal with the configuration of Fig. 1(3). Let Hθ(0) be a non-singular fiber with
the configuration. Since F is connected, there are singular fibers in the fibration H . Let
Hθ(1) be the first singular fiber when we proceed through the fibration H in the positive
direction from θ(0). Since there is no b-arc in the configuration of Hθ(0), the singularity
at Hθ(1) is of type cc. The configuration of a non-singular fiber just after θ(1) has one
of the following: an annular domain which is contained in M2, a c-circle which satisfies
the condition of Lemma 3.1, or an inessential c-circle. These contradict our assumption.
Similar arguments as above show that non-singular fibers do not have the configuration of
Fig. 1(4).
Next we deal with the configurations of Fig. 1(1) and (2). First suppose that there are
singular fibers in the fibration H . Let Hθ(0) be a non-singular fiber with the configuration
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through the fibration H in the positive (respectively negative) direction from θ(0). Since
there is no c-circle in the configuration of Hθ(0), the singularities at Hθ(−1) and Hθ(1) are
of type cc. Similar arguments as above show that the configurations of non-singular fibers
just before θ(−1) and just after θ(1) are that of Fig. 1(1). We can construct an embedded
disc ∆ between Hθ(−1) and Hθ(1) such that ∆∩F = ∂∆, and the foliation of ∆ induced by
the intersections with the fibers of H satisfies the conditions of Lemma 1.5(ii) in [13]. This
disc ∆ shows that F is compressible in S3 −K by Lemma 1.5(ii) in [13]. Next suppose
that there is no singular fiber in the fibration H . If the configuration of a fiber Hθ is that
of Fig. 1(1) for every θ ∈ [0,2π], then F is a torus which is compressible in S3 −K . If
the configuration of a fiber Hθ is that of Fig. 1(2) for every θ ∈ [0,2π], then K is a (2,p)-
cable of a (2, q)-torus knot for some odd integers p and q , and F is isotopic to the cabling
torus. Hence K is isotopic to a simple closed curve on F .
5. Proof of Theorem 2.2, II
In this section, we deal with the case where the axisA intersects the surfaceF . Therefore
there are b-arcs in the configuration of every non-singular fiber. Assume in this section that
F is meridionally incompressible and there is no essential annulus properly embedded in
M2. We show that K is isotopic to a simple closed curve on F .
Let |A∩F | denote the number of points in A∩F , and |H ·F | the number of tangencies
between F and the fibers of H . We define the complexity c(F,H) of the pair (F,H)
to be c(F,H) = (|A ∩ F |, |H · F |). We assign the standard lexicographic ordering to
this complexity function. In the following, we assume that c(F,H) is minimal among
all surfaces which are isotopic to F with respect to the fibration H .
The possible configurations of a non-singular fiber Hθ which has one family of parallel
b-arcs are illustrated in Fig. 2(1)–(5), where we omit c-circles. Note that every b-arc is
essential in these configurations. These configurations are classified by the number of
domains which have intersections with K , and the numbers of the intersections of K
with the domains. A configuration of a non-singular fiber includes the configurations of
b-arcs, c-circles and the intersections of K with the fiber. When we say the configuration
of b-arcs, we deal with only the configuration of b-arcs, and we do not deal with the
configurations of c-circles and the intersections of K with the fiber. The configurations of
b-arcs of Figs. 2(1)–(5) are the same.
The configurations of a non-singular fiber Hθ which has three (respectively four, five)
families of parallel b-arcs are illustrated in Fig. 2(6)–(8) (respectively (9), (10)), where
we omit c-circles. Since |K ∩ Hθ | = 4 and every b-arc is essential, there is no other
configuration of a non-singular fiber.
Lemma 5.1. Non-singular fibers do not have the configurations of Fig. 2(1), (2), (4), (6),
(8) and (10).
Proof. First we deal with the configuration of Fig. 2(1). Let Hθ(0) be a non-singular fiber
with the configuration. By Lemma 1.4 in [13] and Lemma 3.1, we may assume that there is






no c-circle in the configuration of Hθ(0). Since F is connected, there are singular fibers in
the fibration H . Let Hθ(1) be the first singular fiber when we proceed through the fibration
H in the positive direction from θ(0). Since there is no c-circle in the configuration of
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Hθ(0), the singularity at θ(1) is not of type cc. If the singularity at θ(1) is of type bc, then
the configuration of a non-singular fiber just after θ(1) has either an inessential c-circle or
a c-circle which satisfies the condition of Lemma 3.1. If the singularity at θ(1) is of type
bb, then the configuration of a non-singular fiber just after θ(1) has an inessential b-arc.
Therefore non-singular fibers do not have the configuration of Fig. 2(1).
Next we deal with the other configurations. Let Hθ(0) be a non-singular fiber with the
configuration of Fig. 2(2), (4), (6), (8) or (10). Similar arguments as above show that
the configuration of a non-singular fiber just after the first singularity, when we proceed
through the fibration in the positive direction from θ(0), has a c-circle which satisfies the
condition of Lemma 3.1, an inessential b-arc, or an inessential c-circle. These contradict
our assumption. ✷
The remaining configurations are those of Fig. 2(3), (5), (7) and (9). Note that the
configurations of Fig. 2(7) and (9) have no c-circles by Lemma 1.4 in [13] and Lemma 3.1.
First we deal with a configuration which has c-circles. Let Hθ be a non-singular fiber
whose configuration has c-circles. The configuration of Hθ is that of Fig. 2(3) or (5). Let
c be a c-circle in the configuration of Hθ , and D be the disc bounded by c in Hθ . We
may assume, by Lemma 1.4 in [13] and Lemma 3.1, that D contains at least two points of
K ∩ Hθ . If the first singularity, when we proceed through the fibration H in the positive
direction from θ , is of type bb, then the configuration of a non-singular fiber just after the
singularity has an inessential b-arc. If the first singularity is of type cc, then the configura-
tion of a non-singular fiber just after the singularity has an inessential c-circle or a c-circle
which satisfies the condition of Lemma 3.1. Thus the first singularity must be of type bc.
Let Hθ(s) be a singular fiber containing a bc singularity s. The configuration of b-arcs
in the fiber just after θ(s) is the same as that just before it. Therefore the configuration of
b-arcs in a non-singular fiber is the same, up to an isotopy of the fiber, during consecutive
bc singularities. We may label these fixed b-arcs in a non-singular fiber, b1, . . . , bm, and let
D denote the set of the discs d0, . . . , dm, separated by b1, . . . , bm in the non-singular fiber.
These b-arcs bi and discs dj are numbered consecutively as illustrated in Fig. 3.
Fig. 3.
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Let Hθ be a non-singular fiber which has the configuration of Fig. 2(5). Let c denote a
c-circle in the configuration of Hθ , and D denote the disc bounded by c in Hθ . We may
assume by Lemma 3.1 that c is contained in d0 or dm, say d0. Then K intersects d0 in three
points, and intersects D in two or three points. Suppose that K intersects D in three points.
Note that the first singularity, when we proceed through the fibration H in the positive
direction from θ , is of type bc. There is an inessential b-arc or an inessential c-circle in the
configuration of a non-singular fiber just after the first singularity. So we may assume that
K intersects D in two points.
At a bc surgery, a c-circle c either surgers with a b-arc bi or is created by bi surgering
with itself. A bc surgery must move two points of K ∩ Hθ from dj−1 to dj through bj
(respectively from dj to dj−1 through bj ). When such a bc surgery occurs, we say that the
pair of points {p1,p2} of K ∩Hθ surgers from dj−1 into dj through bj (respectively from
dj into dj−1 through bj ). The same argument as in the proof of Lemma 2.3 in [13] shows
the following lemma.
Lemma 5.2. Suppose that a pair of points {p1,p2} of K ∩ Hθ surgers into dj ∈ D
(j = 0,m) through a b-arc b. Then the pair {p1,p2} can not surger out of dj through
the same arc b via the next surgery.
The following lemma is a slight extension of Lemma 2.6 in [13].
Lemma 5.3. Suppose that a type 1 bc surgery is followed by a type 2 bc surgery via the
next surgery. Then the former is a surgery such that a pair of points {p1,p2} of K ∩ Hθ
surgers into d0 (respectively dm) ∈D through a b-arc b1 (respectively bm), and the latter
is a surgery such that the pair surgers out of d0 (respectively dm) through the same b-arc
b1 (respectively bm).
Proof. Suppose that a pair of points {p1,p2} of K ∩Hθ surgers into dj ∈D (j = 0,m) by
a type 1 bc surgery at θ(−1), and the pair surgers out of dj by a type 2 bc surgery at θ(1)
via the next surgery. Without loss of generality, we may assume by Lemma 5.2 that the
pair surgers from dj−1 into dj through bj at θ(−1), and surgers from dj into dj+1 through
bj+1 at θ(1). Note that the configuration of a non-singular fiber between θ(−1) and θ(1)
is that of Fig. 2(3).
Let Hθ(2) (respectively Hθ(−2)) denote a non-singular fiber just after θ(1) (respectively
just before θ(−1)). The c-circle, which is created at θ(−1) and is surgered with bj+1 at
θ(1), forms a tube T connecting the discs {bj }×[θ(−2), θ(2)] and {bj+1}×[θ(−2), θ(2)].
We can construct an embedded disc ∆ such that ∆ ∩ F ⊂ ∂∆, ∆ ∩ A ⊂ ∂∆ and the
boundary of ∆ is divided into four subarcs, each one of which is an arc on the axis A,
the tube T , the discs {bj } × [θ(−2), θ(2)] and {bj+1} × [θ(−2), θ(2)]. Isotope F to F ′
along ∆, and |A∩ F |> |A∩F ′|. Note that each non-singular leaf in the foliation of F ′ is
an arc or a simple closed curve. These b-arcs and c-circles may be inessential. The same
argument as in the proof of Theorem 1.1(ii) in [5] shows that F ′ can be further isotoped to
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F ′′ so that |A ∩ F ′| |A ∩ F ′′| and F ′′ satisfies the conditions of Theorem 1.1(ii) in [5].
This shows c(F,H) > c(F ′′,H), and contradicts the minimality of the complexity. ✷
Lemma 5.4. Suppose there is a non-singular fiber whose configuration has c-circles. Then
there is an essential annulus properly embedded in M2.
Proof. Let Hθ(0) be a non-singular fiber such that the number of c-circles in the
configuration of Hθ(0) is maximal among all configurations of non-singular fibers. Let
Hθ(1) (respectively Hθ(−1)) denote the first singular fiber when we proceed from θ(0) in
the positive (respectively negative) direction of the fibration, and let Hθ(2) (respectively
Hθ(−2)) be a non-singular fiber just after θ(1) (respectively just before θ(−1)). Note
that the surgeries at θ(−1) and θ(1) are of type bc, and the numbers of c-circles in the
configurations of Hθ(−2) and Hθ(2) are fewer by one than that in the configuration of Hθ(0).
So the surgeries at θ(−1) and θ(1) are of type 1 bc and type 2 bc, respectively. We may
assume by Lemma 5.3 that a pair of points {p1,p2} of K ∩Hθ surgers into d0 or dm ∈D,
say d0, through b1 by a type 1 bc surgery at θ(−1), and the pair surgers out of d0 through
b1 by a type 2 bc surgery at θ(1) via the next surgery. Fig. 4 illustrates a configuration
of Hθ(0). Let c1, . . . , c	 denote c-circles in the configuration of Hθ(0) which are numbered
consecutively as illustrated in Fig. 4. We note here that 	 is even, because the surface F is
separating in S3 and K is connected.
Let Q be the annular domain in the configuration of Hθ(0) such that ∂Q = c	−1 ∪ c	.
Note that Q is contained in M2 and is incompressible in M2 by Lemma 3.2. The c-
circle c	 between two singular fibers Hθ(−1) and Hθ(1) forms a tube T connecting the
disc {b1} × [θ(−2), θ(2)]. An arc on T and an arc on {b1} × [θ(−2), θ(2)] form a simple
closed curve γ on F which intersects c	 transversely in exactly one point and does not
intersect c	−1.
Suppose Q is boundary parallel into F . Let QF denote the annulus on F to which
Q is boundary parallel. Note that ∂QF = c	−1 ∪ c	. Since the simple closed curve γ is
embedded in F , we may assume each component of γ ∩QF is an arc or a simple closed
Fig. 4.
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curve which is properly embedded in QF . Therefore the absolute value of the algebraic
intersection number of γ with c	 is equal to that of γ with c	−1. This is a contradiction. ✷
In the following, we assume there are no c-circles in the configurations of non-singular
fibers.
Lemma 5.5. Non-singular fibers do not have the configuration of Fig. 2(5).
Proof. Let Hθ be a non-singular fiber with the configuration of Fig. 2(5). There are
singular fibers in the fibration H , because F is connected. Since there are no c-circles
in the configurations of non-singular fibers, the first singularity, when we proceed through
the fibration in the positive direction from θ , is of type bb. There is an inessential b-arc in
the configuration of a non-singular fiber just after the first singularity. ✷
Lemma 5.6. If a non-singular fiber has the configuration of Fig. 2(3), then there is an
essential annulus properly embedded in M2.
Proof. Let Hθ(0) be a non-singular fiber with the configuration of Fig. 2(3). Note that
the configuration of Hθ(0) has at least four b-arcs, because F is separating in S3 and
K is connected. Since F is connected, there are singular fibers in the fibration H . Let
Hθ(1) (respectively Hθ(−1)) be the first singular fiber when we proceed from θ(0) in the
positive (respectively negative) direction of the fibration. Since there are no c-circles in the
configurations of non-singular fibers, the singularities at θ(1) and θ(−1) are of type bb.
Let β and β ′ be the b-arcs in the configuration of Hθ(0) such that β and β ′ are surgered at
θ(1). Since there is no inessential b-arc in the configurations of non-singular fibers, β and
β ′ are surgered also at θ(−1), and the sign of the type bb singularity at θ(1) is different
from that at θ(−1). Let Hθ(2) (respectively Hθ(−2)) denote a non-singular fiber just after
θ(1) (respectively just before θ(−1)). The configurations of Hθ(2) and Hθ(−2) are that
of Fig. 2(9). Let Hθ(3) (respectively Hθ(−3)) be the first singular fiber when we proceed
from θ(2) (respectively θ(−2)) in the positive (respectively negative) direction of the
fibration, and Hθ(4) (respectively Hθ(−4)) a non-singular fiber just after θ(3) (respectively
just before θ(−3)). Since there are no c-circles in the configurations of non-singular fibers,
the singularities at θ(3) and θ(−3) are of type bb.
Claim 5.7. Let Hφ(0) be a non-singular fiber such that there is no c-circle in its
configuration. Let Hφ(1) (respectively Hφ(−1)) denote the first singular fiber when we
proceed from φ(0) in the positive (respectively negative) direction of the fibration. Suppose
the type of the singularity at φ(−1) is bb, and the sign of the singularity at φ(−1) is
negative. Let b, b′ be b-arcs in Hφ(0) such that b and b′ are surgered at φ(−1). Suppose b
and b′ are surgered also at φ(1). Therefore the type of the singularity at φ(1) is bb, and
the sign of the singularity at φ(1) is positive. Let d be the domain in Hφ(0) such that d is
adjacent to both b and b′. Suppose also that d ∩K = ∅. Then F is compressible in S3 −K .
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Proof. If all suppositions are satisfied, then we can construct an embedded disc ∆ between
Hφ(−1) and Hφ(1) such that ∆ ∩ F = ∂∆, and the foliation of ∆ which is induced by the
intersections with the fibers of H satisfies the conditions of Lemma 1.5(ii) in [13]. This
disc ∆ shows that F is compressible in S3 −K by Lemma 1.5(ii) in [13]. ✷
Let β21 and β
2





at Hθ(1). Let β−21 and β
−2





are surgered at Hθ(−1). Claim 5.7 shows that β21 and β22 are not surgered at Hθ(3), and that
β−21 and β
−2
2 are not surgered at Hθ(−3). Therefore the configuration of Hθ(4) is the same
as that of Hθ(−4), up to an isotopy of a fiber fixing its boundary. Let b3 and b′3 be b-arcs
in the configuration of Hθ(−4) such that b3 and b′3 are surgered at θ(−3). See Fig. 5. Let
b1 and b′1 denote b-arcs in the configuration of Hθ(−4), as illustrated in Fig. 5, such that b1
and b′1 are surgered at θ(−1).
The intersection of F with the fibration in the interval [θ(−4), θ(4)] containing
θ(0) may be constructed as follows. Let F 0 be the discs (all b-arcs in Hθ(−4)) ×
[θ(−4), θ(4)]. LetB1 (respectivelyB ′1,B3,B ′3) be the disc b1×[θ(−4), θ(4)] (respectively
b′1 × [θ(−4), θ(4)], b3 × [θ(−4), θ(4)], b′3 × [θ(−4), θ(4)]). Let U3 be the 1-handle such
that U3 connects the discs B3 and B ′3, and that the core curve of U3 is contained in
Hθ(0). Let T3 be the annulus ∂U3 − (U3 ∩ (B3 ∪ B ′3)). We denote by F 1 the surface
(F 0 − (U3 ∩ (B3 ∪ B ′3))) ∪ T3. Let U1 be the 1-handle such that U1 connects the discs
B1 and B ′1, and that the core curve of U1 is contained in Hθ(0). Let T1 be the annulus
∂U1 − (U1 ∩ (B1 ∪B ′1)). We assume T1 is disjoint from T3. We denote by F 2 the surface
(F 1 − (U1 ∩ (B1 ∪B ′1))) ∪ T1. This surface F 2 is the intersection of F with the fibration
in the interval [θ(−4), θ(4)].
There is an embedded annulus Q between T1 and T3 such that one boundary component
of Q is contained in T1, the other in T3. Note that Q is contained in M2. Suppose that Q is
boundary parallel into F . LetQF denote the annulus on F to whichQ is boundary parallel,
and V denote the solid torus which is bounded by Q ∪ QF and realizes the boundary
parallelism between Q and QF . Isotope F to F ′ along V . Then there are two inessential
Fig. 5.
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b-arcs in the configuration of F ′ ∩ Hθ(0), and |A ∩ F | > |A ∩ F ′|. Note that each non-
singular leaf in the foliation of F ′ is an arc or a simple closed curve. The same argument
as in the proof of Theorem 1.1(ii) in [5] shows that F ′ can be further isotoped to F ′′ so that
|A∩ F ′| |A∩ F ′′| and F ′′ satisfies the conditions of Theorem 1.1(ii) in [5]. This shows
that |A∩ F |> |A∩ F ′′|, and contradicts the minimality of the complexity.
Suppose the annulus Q is compressible in M2. Then the incompressibility of F implies
that there is a disc D on F with ∂D =Q ∩ T1. There is a disc D′ in M1 with ∂D′ = ∂D
which is isotopic to the cocore disc of U1. If D′ is disjoint from K , then the 2-sphere
D ∪ D′ shows that K is not connected. Take D′ so that K intersects D′ transversely in
two points. The disc D′ is one of the attaching discs of the 1-handle U1. Let N1 and N2 be
the 3-manifolds which are bounded by D ∪D′ and (F −D) ∪D′, respectively, such that
N1 ∩N2 =D′. Let Ki (i = 1,2) be the knot which is obtained from K ∩Ni by connecting
two points of K ∩D′ with an embedded arc in D′, and slightly pushing the resulting knot
off from D′ into Ni . Retake D′, if necessary, so that K2 is represented as a closed n-braid
with n 3. See Fig. 6. Note that K1 may not be represented as a closed braid.
First suppose K is prime. Then either K1 or K2 is trivial. First suppose K1 is trivial.
Since F is an essential surface in S3 −K , the surface (F −D)∪D′ is essential in S3 −K2.
Results of [17,12,13] show that an essential surface embedded in the complements of
prime knots of braid index n with n  3 is meridionally compressible. A meridionally
compressing disc for (F −D)∪D′ in S3 −K2 shows that F is meridionally compressible
in S3 −K . Next suppose K2 is trivial. Since F is not a 2-sphere, the surface (F −D)∪D′
is compressible in S3−K2. This compressing disc shows that F is compressible in S3−K .
Next suppose that K is composite, that is, K = K1#K2, where both K1 and K2 are
non-trivial knots. Let S be the decomposing sphere, and B1,B2 be the 3-balls separated
by S in S3. The knot Ki (i = 1,2) is constructed from the arc K ∩ Bi by connecting two
points of K ∩ S with an embedded arc on S. Note that Bi − (K ∩ Bi) is homeomorphic
to S3 −Ki . First suppose F ∩ S = ∅. The same argument as in the proof of Corollary 3 in
[15] shows that F is meridionally compressible in S3 −K . Next suppose F ∩ S = ∅. Let
b(K) denote the braid index of K . Since both K1 and K2 are non-trivial knots, b(Ki) 2
for i = 1,2. Since b(K)= b(K1) + b(K2)− 1 by [9], b(Ki)  3 for i = 1,2. Without
Fig. 6.
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loss of generality, we may assume that F is contained in B1. If F is not a torus, then F is
meridionally compressible in S3 −K1 by [13]. A meridionally compressing disc of F in
S3 −K1 shows that F is meridionally compressible in S3 −K . Suppose F is a torus. If
K1 is prime, then there is no essential torus in S3 −K1 by [12]. Suppose K1 is composite,
that is, K1 =K11#K12, where both K11 and K12 are non-trivial knots. Let S′ denote the
decomposing sphere. The same arguments as above show that b(K11)= b(K12)= 2, and
both K11 and K12 are prime knots. Similar arguments as above show that F ∩ S′ = ∅, and
F is meridionally compressible in S3 −K . This completes the proof of Lemma 5.6. ✷
The remaining configurations are those of Fig. 2(7) and (9). If the configuration of
every non-singular fiber in the fibration H is that of either Fig. 2(7) or (9), then K is
not connected. So we must have non-singular fibers with the configurations of Fig. 2(7)
and (9). Let Hθ(0) be a non-singular fiber with the configuration of Fig. 2(9). Let Hθ(3)
(respectively Hθ(−3)) be the first non-singular fiber with the configuration of Fig. 2(7)
when we proceed from θ(0) through the fibration in the positive (respectively negative)
direction. Let Hθ(2) (respectively Hθ(−2)) be the first singular fiber when we proceed from
θ(3) (respectively θ(−3)) in the negative (respectively positive) direction of the fibration,
and Hθ(1) (respectively Hθ(−1)) be a non-singular fiber just before θ(2) (respectively just
after θ(−2)). Since there are no c-circles in the configurations of non-singular fibers, all
singularities occurred in the interval [θ(−1), θ(1)] are of type bb, and the singularities at
θ(2) and θ(−2) are of type bb. When we proceed from θ(−1) to θ(1) in the positive
direction of the fibration, the numbers of b-arcs in two families of parallel b-arcs in
the configurations are decreasing, and those in the other two families are increasing by
Claim 5.7. The interval [θ(−3), θ(3)] such that the configurations of the fibers in the
interval consist of the configurations as above is called a fundamental interval.
Let Φ(0),Φ(1), . . . ,Φ(p) be the numbers which satisfy 0 = Φ(0) < Φ(1) < · · · <
Φ(p) = 2π . Since the configurations of non-singular fibers are those of Fig. 2(7) and
(9), the fibration H = {Hθ }0θ2π can be divided, after re-choosing the fibration H ,
if necessary, into p sub-fibrations {Hθ }Φ(j−1)θΦ(j) (j = 1, . . . , p) for some positive
integer p so that each interval [Φ(j − 1),Φ(j)] consists of one fundamental interval.
Let Hθ(4) (respectively Hθ(−4)) be the first singular fiber when we proceed through the
fibration in the positive (respectively negative) direction from Hθ(3) (respectively Hθ(−3)).
Since there are no c-circles in the configurations of non-singular fibers, the singularities at
θ(4) and θ(−4) are of type bb. Let Hθ(5) (respectively Hθ(−5)) denote a non-singular fiber
just after Hθ(4) (respectively just before Hθ(−4)). The interval [θ(−5), θ(5)] such that the
configurations of the fibers in the interval consist of the configurations as above is called an
extended fundamental interval. Let [Φj(j − 1),Φj (j)] denote the extended fundamental
interval of the fundamental interval [Φ(j − 1),Φ(j)].






4 (j = 1, . . . , p) denote the four arcs, K ∩ {Hθ }Φj (j−1)θΦj (j),
in the extended fundamental interval [Φj(j − 1),Φj (j)]. We can construct a disc dji









i3) is an arc on HΦj (j−1) (respectively F , HΦj (j)). We
suppose the arc cji2 intersects Hθ in exactly one point, and the intersection d
j
i ∩Hθ is an
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embedded arc αji(θ) in Hθ such that ∂α
j
i(θ) consists of two points γ
j
i ∩Hθ and cji2 ∩Hθ for
every θ ∈ [Φj(j − 1),Φj (j)].
The intersection of the fiber HΦ(j) (j = 1, . . . , p) with the four discs dj1 , dj2 , dj3 and dj4
in the extended fundamental interval [Φj(j − 1),Φj (j)] coincides with the intersection of






4 in the extended fundamental interval
[Φj+1(j),Φj+1(j + 1)], where we assume [Φp+1(p),Φp+1(p + 1)] = [Φ1(0),Φ1(1)].






i is an embedded annulus such that one of its boundary
components is K , and the other is a simple closed curve on F . Hence K is isotopic to a
simple closed curve on F . This completes the proof of Theorem 2.2. ✷
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